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We study the effect of electron-electron interaction on the one-particle density of states DOS d ,T of
low-dimensional disordered metals near Fermi energy within the framework of the finite temperature conven-
tional impurity diagram technique. We consider only diffusive limit and, by a geometric resummation of the
most singular first-order self-energy corrections via the Dyson equation, we obtain a nondivergent solution for
the DOS at low energies while for higher energies the well-known Altshuler-Aronov corrections are recovered.
At the Fermi level d ,T=0→0, this indicates that interacting disordered two-dimensional and quasi-one-
dimensional systems are in insulating state at zero temperature. The obtained results are in good agreement
with recent tunneling experiments on two-dimensional GaAs/AlGaAs heterostructures and quasi-one-
dimensional doped multiwall carbon nanotubes.
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I. INTRODUCTION
In the last three decades, a great deal of progress has been
made toward revealing the behavior of electrons in a random
potential. Efforts have led to a detailed understanding of the
low-temperature properties of the weakly disordered sys-
tems, i.e., systems for which kFl1, where kF is the Fermi
wave number and l is the elastic mean-free path.1 This un-
derstanding has been embodied in weak localization theory
and disorder enhanced electron-electron ee interaction
effects.2,3 The interplay of ee interaction and random impu-
rity potential on the transport and thermodynamic properties
of disordered systems has been studied intensively. In par-
ticular, treatment of the problem within perturbation theory
leads to the understanding of the anomalous logarithmic de-
crease in conductivity with decreasing temperature in two-
dimensional 2D electron gas, negative magnetoresistance
observed in many 2D and three-dimensional 3D systems,
as well as the depression in the density of states DOS near
the Fermi energy.3–5
Extensive experimental and theoretical studies have
shown that interaction effects are enhanced by disorder and
generally result in a decrease in the DOS near the Fermi
level. Studies on the theoretical side have, for the most part,
concerned two extreme limits. In the limit of strong disorder,
this decrease takes the form of a complete gap in the DOS at
the Fermi energy.6–9 It is known that this Coulomb gap can
turn a highly disordered pure metal into a poorly conducting
insulator. In the opposite limit, i.e., the diffusive limit, in a
pioneering paper by Altshuler, Aronov, and Lee AAL,
treated the 2D disordered electron problem within the pertur-
bation theory to lowest order in interaction strength.10 The
authors showed that interaction effects in a 2D disordered
metal lead to the development of a logarithmic singularity in
the one-particle DOS, 2 ln, near the Fermi en-
ergy F, where  and  are the impurity scattering time and
the energy of the electron measured from the Fermi level,
respectively. Such effects become even more stronger in
quasi-one-dimensional 1D disordered metals, 1
−−1/2.3 Unlike the low-dimensional systems, the quan-
tum corrections to the DOS in 3D is rather small, 3
, giving rise to cusp at the Fermi energy.11 Extension
of the AAL theory to the ballistic limit shows that the inter-
action effects give rise to nontrivial corrections to the corre-
sponding physical properties of the disordered systems also
in this regime.12–19 The reduction in the one-particle DOS
near the Fermi energy results in suppression of the tunneling
conductance at small voltages, a phenomenon commonly
known as the zero-bias anomaly ZBA. Several groups have
performed tunneling measurements on 3D and quasi-2D sys-
tems since early 1980s, and observed the predicted depen-
dence of the tunneling conductance with voltage.20–25
Recently the problem of ee interaction in disordered met-
als received considerable interest due to the discovery of the
unexpected metallic state in high-mobility two-dimensional
semiconductors by Kravchenko and co-workers,26,27 and de-
velopment of experimental techniques such as time domain
capacitance spectroscopy TDCS.28 The existence of a me-
tallic state in 2D with finite conductivity at zero temperature
is in conflict with the conventional weak localization theory,
which predicts that even negligible amount of disorder in
low-dimensional systems d2 localizes electrons at suffi-
ciently low temperatures. Thus, in spite of several theoretical
proposals, the metallic state in 2D is one of the puzzling
phenomena that is still waiting for an adequate
description.29–36 On the other hand, TDCS appears to be a
very useful technique for detection of the tunneling current
in regimes difficult to access by conventional methods, and,
thus allows the quantitative comparison of the existing theo-
ries with experiments.37–39 Using TDCS Chan and
co-workers37,38 measured the entire voltage dependence of
the tunneling conductance of a two-dimensional electron sys-
tem in a GaAs/AlGaAs heterostructure for different electron
densities. The authors observed the expected logarithmic
Coulomb anomaly only in the case of a small suppression of
the tunneling current. However, for large suppressions corre-
sponding to small electron densities, the functional form of
the ZBA vs bias voltage was significantly deviating from the
predictions of the AAL theory, especially in the regime of
very small voltages.
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The critical behavior of the DOS for →0 in reduced
dimensions which is not accessible within the first-order per-
turbation theory is of great interest in understanding the low-
temperature transport and thermodynamic properties of the
disordered metals. In this respect an initial attempt was made
by Finkelstein40 using field-theoretic renormalization-group
theory, who found that 21/4 as →0 for 2D systems.
Since then there has been a lot of attempt to study energy and
temperature dependences of the DOS around the Fermi level
employing different methods.41–50 Kopietz47 has considered a
2D system and, by resumming the most singular contribu-
tions to the average DOS via a gauge transformation, ob-
tained that 2C /e4 for →0, where C is a dimen-
sionless constant and e is the charge of the electron.
Kamenev and Andreev48 using Keldysh 	 model derived a
nonperturbative result for the DOS of quasi-2D systems.
Rollbühler and Grabert49 extended this work to quasi-1D
systems including additionally the interelectrode interactions
and obtained a nondivergent solution for the DOS at low
energies, which recovers the −1/2 behavior for higher
energies. It should be emphasized that, in reduced dimen-
sions in contrast to first-order perturbation theory AAL
theory, all these different methods yield a nondivergent so-
lution for the DOS around Fermi level with a power-law
behavior, whereas for higher energies results of AAL theory
is recovered.
The aim of the present work is a detailed study of the
critical behavior of DOS around Fermi level in low-
dimensional disordered metals within the diagrammatic per-
turbation theory. This technique, in contrast to above men-
tioned nonperturbative schemes, provides a mathematically
clear and transparent framework in studying impurity prob-
lems in condensed-matter physics. In the present work we
consider only diffusive regime and go beyond the first-order
perturbation theory. We show that a geometric resummation
of the most singular first-order self-energy corrections via the
Dyson equation gives a nondivergent solution for the DOS at
low energies while for higher energies the obtained expres-
sions are reduced to the predictions of the AAL theory. At
zero temperature in both dimensions the DOS vanishes at the
Fermi energy. In spite of good agreement between present
approach and above mentioned nonperturbative treatments
for the DOS at small corrections higher energies, an essen-
tial difference appears in the asymptotic energy dependence
of the DOS. The remaining part of the paper is organized as
follows. In Sec. II high-order perturbation corrections to the
DOS is calculated and compared with AAL theory. In Sec.
III we dwell on the zero-bias anomaly of the tunneling con-
ductivity and make a qualitative comparison of the obtained
results with recent tunneling experiments. Section IV gives
the conclusions.
II. HIGH-ORDER PERTURBATION CORRECTIONS TO
THE DOS
As it is well known the main contributions to the physical
properties of disordered systems in the weak localization
theory are connected with two singularities: the first appears
in the diffusion propagator, characterizing an electron-hole
pair with small difference of the momenta q and of the en-
ergies 
 diffusion pole. The other singularity is due to
propagation of electron-electron pair with small sum of the
momenta q and small difference of the energies 
 Cooper
pole. In weak disorder case, corrections to the DOS can be
obtained through the self-energy p , in. First order in
Coulomb interaction contributions to the self-energy are il-
lustrated in Fig. 1. Higher order in Coulomb interaction also
gives contributions to the self-energy. Some particular dia-
grams concerning the second-order self-energy contributions
are presented in Fig. 2. However, it can easily be shown that
the ratio of the second-order contributions to the first-order
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FIG. 1. Diagrams for the calculation of p , in; a and c
exchange diagrams for the diffusion and Cooper channels, respec-
tively; b and d Hartree diagrams for the diffusion and Cooper
channels, respectively. The thick wavy lines denote the dynamically
screened Coulomb interaction. e and f Ladder series for the
diffusion and Cooper channels. Here the dashed line with cross
denotes the impurity scattering.
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FIG. 2. Some particular diagrams for second order in the Cou-
lomb interaction corrections to the self-energy.
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ones is found to be 1, where  is the dimension-
less constant of interaction.11 Therefore we can restrict our-
selves to the first-order contributions to the self-energy and
neglect small contributions from the higher order self-
energies.
To begin with, consider the exchange interaction between
the electrons in the diffusion channel depicted in Fig. 1a.
This process gives rise to a significant contribution to the
DOS and the expression for the self-energy can be written as
Dp,in = T

m
	 ddq2dVq,i
mG0Ap − q,in − i
m
2q,i
mn
m − n , 1
where G0
A is the bare temperature Green’s function GF for
electrons averaged over the impurity potential, n=T2n
+1, and 
m=2Tm are the Matsubara frequencies at tem-
perature T. q , i
m is the sum of the impurity ladders in
Fig. 1, which has a diffusion pole under condition ql1
and 
1. The expression for q , i
m is given by
q,i
m = nn − 
m +
− nn − 
m

 + Dq2
, 2
with D= vF
2
d being the diffusion coefficient for a
d-dimensional system. Vq , i
m in Eq. 1 is the dynami-
cally screened Coulomb potential. Within the random-phase
approximation, the Vq , i
m takes the following form
Vq,i
m =
2e2
q + 2
Dq2

+Dq2
, d = 2
=
e2
e20
1 Dq2

+Dq2 + ln
−1 1
q2a2
, d = 1 , 3
with 2=2e20
2 being the inverse screening length for a
2D system, and a is the transverse size of the quasi-1D sys-
tem. 0
d being the DOS of a noninteracting electron gas
which is given by
0
1
=
1
2vF
, 0
2
=
m
22
, 0
3
=
mpF
222
. 4
Since the q integral in Eq. 1 is dominated by the diffusive
pole of the impurity ladders, then within the accuracy of our
calculation, for small q and 
, Eq. 1 can be rewritten in the
following suggestive form:
Dp,in 
 ,TG0
Ap,in , 5
with
,T = T

m
	 ddq2d2q,i
mVq,i
m . 6
The DOS d ,T of a d-dimensional system is defined
in terms of the total retarded GF, GRp , in
d,T = −
1

Im 	 ddp2dGRp,inin→. 7
It is well known that the temperature Green’s function coin-
cides with the retarded one at discrete points on the positive
imaginary semiaxis, i.e., Gn=GRin at n0. According
to the Dyson equation the total Green’s function GRp , in
including electron correlations in diffusion channel is given
by
GRp,in =
1
G0
Rp,in−1 − Dp,in
= 
n=0

G0
Rp,inn+1Dp,inn. 8
Substituting Eq. 5 into Eq. 8 and utilizing Eq. 7, the
DOS takes the following form51
d,T = 0
d
−
1

Im
n=1

An,Tn, 9
where
An =	 ddp2d G0Rp,inn+1G0Ap,inn. 10
It is easy to see that n=0 term in Eq. 9 is equal to 0
d; thus
the bare DOS is distinguished. Upon performing this integra-
tion we find
An = − 0
d2i2n
n2n − 1!
n!2
, 11
Substituting Eq. 11 into Eq. 9 and taking the sum over n,
one obtains the total contribution to the DOS from the diffu-
sion channel
d,T = 0
d
− 0
d Im 1 − i1 + 1 − i , 12
where =42 ,T. Note that we use the expression ln1
+1+x2=ln 2−n=1 −1n 2n−1!n!222n x2n in evaluating the sum in
Eq. 9.
For a short-range static Coulomb interaction, the equa-
tion above can be simplified considerably. In this case Cou-
lomb potential depends neither q nor 
 and thus the integra-
tion in Eq. 5 is straightforward, in which calculation for
two and one dimensions gives
,T = −

8F3
+ i

4F3
ln 12,T, d = 2
=

422,T 1 + i, d = 1 , 13
where =0
dV0,0 and  is the energy reckoned from the
Fermi level.
If we write R+ iI, where R and I are real and
imaginary parts, respectively, then Eq. 12 takes the follow-
ing form
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d,T =
0
d
2
1 + R + 1 + R2 + I2
1 + R2 + I2
. 14
Using Eqs. 13 and 14 one obtains the following expres-
sions for the DOS of 2D and quasi-1D systems:
2,T 
0
2
1 + 2
F
ln 12,T
, 15
1,T 
0
1
1 + 22,T
. 16
It follows from Eqs. 15 and 16 that for small corrections
one recovers the results of the AAL theory:
2,T  0
21 − 
F
ln 12,T , 17
1,T  0
11 − 2,T . 18
Consideration of the direct process in diffusion channel
depicted in Fig. 1b yields similar expression for the DOS.
Thus, the  in Eq. 13 should be replaced by 
D
=0
dV0,0−2Vp−p ,0, where the bar over Coulomb
potential corresponding to the Hartree diagram denotes aver-
aging over the Fermi surface and the factor of two appearing
because electrons with both spin orientations contribute to
the Hartree correction. Note that Hartree term involves zero
energy and large momentum transfers.
In above expressions the constant  is the only unknown
parameter that cannot be derived in a general way. For a
dynamically screened Coulomb interaction within some ap-
proximations, the  can be cast into the following form:
 =
1
2
ln ,T
D2
22 − 32F, d = 2
=
a3

ln1/2 D32,T − 32F, d = 1 , 19
where 3=4e203 and the first terms represent the ex-
change contribution to the effective interaction constant  in
diffusion channel while the second term  32F is associated
with the Hartree contribution in the same channel. The spe-
cific nature for Coulomb interaction in low-dimensional sys-
tems manifest itself only in a logarithmic dependence of the
constant  on  and T. In contrast to exchange process the
Hartree or direct contribution to the  is relatively small
F1; in both dimensions the evident expression of the
parameter F is logarithmic52
F =
2
x2
ln1 + x2, d = 2
=
1
x2 − 1
ln x + x2 − 1
x − x2 − 1, d = 1 , 20
where x= 2pF3,2 . If 3,2pF then F1. For a detailed discus-
sion the reader is referred to the review paper by Altshuler
and Aronov.3
So far we have restricted our attention here to the calcu-
lation of self-energies in the diffusion channel only. First-
order corrections to the self-energy given in Fig. 1 include
interactions in the Cooperon channel as well. The extension
to include the contribution of the Cooperon channel is
straightforward. It is clear that the additional self-energy
parts from this channel only renormalize the dimensionless
interaction constant . Then, one can write the total self-
energy p , in by adding the self-energies in diffusion
Dp , in and Cooperon Cp , in channels as p , in
=Dp , in+Cp , in. Accordingly, renormalized dimen-
sionless interaction constant becomes ⇒=
D+
C
, where

C is the interaction constant related to the self-energies in
the Cooperon channel in Fig. 1. Consequently, replacing 
in Eqs. 15 and 16 by , we obtain the total contribution
including both Cooperon and diffusion channels to the
DOS.
In Figs. 3 and 4 we present normalized DOS near the
Fermi energy for 2D and quasi-1D systems at T=0 for se-
lected impurity concentrations. In the insets a comparison
with the AAL theory is given. As seen, in contrast to first-
order perturbation theory, we obtain a vanishing DOS at
Fermi level within the high-order perturbation theory, i.e., in
both dimensions  ,T=0→0 for →0. This implies that
interacting disordered 2D and quasi-1D systems are in insu-
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FIG. 3. Normalized DOS of a 2D disordered system as a func-
tion of the energy reckoned from the Fermi level at T=0 for se-
lected impurity concentrations. The normalized pure DOS 0
2
, cor-
responding to =, is also given for comparison. In the inset we
show the comparison of the DOS with the AAL theory broken line
in logarithmic left-hand side and linear scales right-hand side for
=0.01. Notice the deviations from the logarithmic behavior bro-
ken line.
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lating state at T=0 in the diffusive regime. On the other
hand, the suppression of the DOS around Fermi level is less
singular compared to first-order perturbation theory; for ex-
ample, in 2D systems the calculated DOS substantially devi-
ates from the logarithmic behavior see Fig. 3. Such behav-
ior might be connected with the excluded high-order self-
energy diagrams in derivation of Eqs. 15 and 16. Note
that the complexity of the diagrams increases dramatically
with increasing order of the perturbation theory for ex-
ample, see Fig. 2 for second-order self-energy contributions
and those neglected terms can further decrease the DOS
around Fermi level. However, these complex terms cannot be
systematically included in our treatment. It is worth mention-
ing that within the present approach the results of the AAL
theory is recovered at small corrections, i.e., when F1
see Eqs. 17 and 18. Note that in low-dimensional sys-
tems the AAL theory is valid as long as corrections to the
DOS are small. When corrections to the DOS are so large,
one expects the perturbation calculation to break down and
the DOS at the Fermi level diverges to negative infinity.
Finally we should note that, despite good agreement be-
tween present results and nonperturbative studies for the en-
ergy and temperature dependences of the DOS at small cor-
rections higher energies, an essential difference appears in
the asymptotic energy dependence of the DOS. For example
in 2D systems see Eq. 15 our calculated zero-temperature
DOS vanishes as 2−ln−1/2 for →0, whereas
nonperturbative schemes give a power-law behavior.40,47,48
III. ZERO-BIAS ANOMALY OF THE TUNNELING
CONDUCTIVITY
The singularity in the energy dependence of the one-
particle DOS would be reflected in thermodynamic and
transport properties of disordered conductors. A clear mani-
festation of this effect is the minimum of the tunneling con-
ductivity at zero bias. The conductivity of the tunneling con-
tact is related to DOS by
	dV,T
	0
d =
1
4T	
−
+
d
d,T
0
d  1cosh2  − eV2T 
−
1
cosh2  + eV2T  , 21
with 	0 being classical conductivity, called Drude expres-
sion. At zero temperature Eq. 21 reduces to
	dV
	0
d =
deV
0
d . 22
As seen from Eq. 22 at T=0, the 	V is directly propor-
tional to DOS; thus the measurement of the tunneling con-
ductivity as a function of bias voltage provides important
information on the energy dependence of the one-particle
DOS. On the other hand, at finite temperatures Eq. 21 can
be written as
	dT
	0
d =
2dT
0
d 	
0
1 dx
cosh2 x
+
2
0
d	
1
 d2Tx
cosh2 x
dx .
23
In this expression, the major contribution comes from the
first integral, and calculation for 2D and quasi-1D systems
gives
	dT
	0
d =
2C0
1 + 2
F
ln 12T
, d = 2
=
2C0
1 + 22T
, d = 1 , 24
where C01 is a coefficient. Expression 24 shows the
change in the tunneling conductivity of the low-dimensional
systems corresponding to the temperature in the small value
of the potential V→0.
Since early 1980s several research groups have performed
tunneling measurements of quasi-2D disordered metal and
semimetal films, and observed the predicted logarithmic de-
pendence of tunneling conductance with voltage.21–25 Note
however that the experimental techniques used in these early
studies were not capable of detecting tunneling current for
small voltages. Access to such regimes becomes possible
only recently with TDCS method as we mentioned in Sec. I.
It should be emphasized that TDCS is unique in allowing
complete extraction of the tunneling spectrum of low-
dimensional systems. Using this technique Chan and
co-workers37,38 measured the entire voltage dependence of
the tunneling conductance of a 2D electron system in a
GaAs/AlGaAs heterostructure for various electron densities.
The authors observed the expected logarithmic Coulomb
anomaly only in the case of a small suppression of the tun-
neling current F1. However, for large suppressions
corresponding to small electron densities for which F1,
the functional form of the ZBA vs bias voltage was signifi-
cantly deviating from the predictions of the AAL theory, es-
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FIG. 4. Same as Fig. 3 for quasi-1D systems.
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pecially in the regime of very small voltages. Furthermore,
application of magnetic field perpendicular to the 2D plane
results in a linear dependence of the tunneling conductance
on voltage near zero bias for all magnetic-field strengths and
electron densities. This latter phenomena is not yet com-
pletely understood.37 Peculiar behavior of the tunneling con-
ductivity at small electron densities can be qualitatively ex-
plained by the present theory. Indeed, as seen from Fig. 3 the
DOS of 2D systems strongly deviates from the logarithmic
behavior for small energies in agreement with observations
of Chan and co-workers.37,38 However, in our case the devia-
tions seem to be stronger than the one observed in the ex-
periment. As commented in the previous section, this might
be due to excluded high-order self-energy diagrams in calcu-
lation of the corrections to the DOS.
In contrast to 2D systems, ZBA in quasi-1D conductors
received less attention. White et al.53 reported the first sys-
tematic study of the corrections to the DOS of quasi-1D
granular aluminum wires. The obtained corrections to the
DOS somehow do not have the V−1/2 dependence predicted
by AAL theory but are significantly larger than the correc-
tions observed in corresponding bulk samples. Pierre et al.54
measured the tunneling DOS of a metallic wire in perturba-
tive regime in a controlled way and obtained the predicted
behavior for the suppression of the tunneling conductance.
Recently, Yu and Natelson55 studied the ZBA in electro-
chemically fabricated disordered nanojunctions of various
size. For large junctions the authors obtained a small ZBA
which is consistent with the perturbative theory of AAL.55
However, in atomic scale junctions the observed ZBA was
approaching 100% conductance suppression as T→0.56
Finally, we will briefly discuss the ZBA observed in
doped multiwall carbon nanotubes MWCNT. MWCNT
constitute a quasi-1D systems with fascinating physical prop-
erties. Several experiments have demonstrated that the
charge transport in these systems is diffusive,57–60 i.e., show-
ing typical weak localization features in the magnetoconduc-
tance and thus, their physical properties show Fermi-liquid
FL behavior. However, the functional form of the observed
ZBA in MWCNT is characteristics of the Luttinger-liquid
LL state in 1D clean ballistic systems of interacting elec-
trons. One of the main features of the LL state in 1D is the
power-law dependence of physical quantities, for instance,
tunneling DOS, as a function of energy or temperature
.61 In MWCNT the observed values for the expo-
nent  is rather scattered between 0.04 and 0.37 depending
on the geometry of the samples.62–68 The observed peculiar
behavior of the tunneling conductivity was attributed to the
disorder enhanced ee interaction effects and its theoretical
descriptions was beyond the first-order perturbation theory
due to large suppressions of the tunneling conductance.
Thus, a nonperturbative treatment has recently been put for-
ward by Egger and Gogolin.69 The authors predicted a ge-
ometry dependent LL-like ZBA in doped MWCNT. Some-
how the situation is not so different within present scheme; it
follows from Eq. 16 that the tunneling DOS around Fermi
level for quasi-1D systems presents a power-law behavior
11/4 with an exponent =0.25. Note that, in
several tunneling experiments on doped MWCNT, the ob-
served value of  is close to 0.25 in good agreement with our
predictions.62,67,68
IV. CONCLUSIONS
In conclusion, we propose a diagrammatic approach to
study critical behavior of the one-particle DOS of low-
dimensional disordered metals in diffusive regime. By a geo-
metric resummation of the most singular first-order self-
energy corrections via the Dyson equation, we obtain a
nondivergent solution for the DOS at low energies while for
higher energies the well-known Altshuler-Aronov corrections
are recovered. At the Fermi level d ,T=0→0, this indi-
cates that interacting disordered 2D and quasi-1D systems
are in insulating state at zero temperature. However,
asymptotic energy dependence of the calculated DOS differs
from those obtained by nonperturbative methods. For 2D
systems at zero temperature the DOS vanishes as 2
−ln−1/2 for →0, whereas nonperturbative schemes
give a power-law behavior see Refs. 40, 47, and 48. In
contrast to 2D case, a power-law behavior 11/4
is predicted for the asymptotic energy dependence of the
DOS of quasi-1D systems. The obtained results are in good
agreement with recent tunneling experiments on two-
dimensional GaAs/AlGaAs heterostructures and quasi-one-
dimensional doped multiwall carbon nanotubes.
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